Form Factors for Quasi-particles in c=1 Conformal Field Theory by van Elburg, R. A. J. & Schoutens, K.
ar
X
iv
:c
on
d-
m
at
/0
00
72
26
v1
  [
co
nd
-m
at.
me
s-h
all
]  
13
 Ju
l 2
00
0 Form Factors for Quasi-particles
in c = 1 Conformal Field Theory
R.A.J. van Elburg and K. Schoutens
Van der Waals-Zeeman Institute and Institute for Theoretical Physics
University of Amsterdam, Valckenierstraat 65
1018 XE Amsterdam, The Netherlands
The non-Fermi liquid physics at the edge of fractional quantum Hall systems
is described by specific chiral Conformal Field Theories with central charge c = 1.
The charged quasi-particles in these theories have fractional charge and obey a
form of fractional statistics. In this paper we study form factors, which are
matrix elements of physical (conformal) operators, evaluated in a quasi-particle
basis that is organized according to the rules of fractional exclusion statistics.
Using the systematics of Jack polynomials, we derive selection rules for a special
class of form factors. We argue that finite temperature Green’s functions can be
evaluated via systematic form factor expansions, using form factors such as those
computed in this paper and thermodynamic distribution functions for fractional
exclusion statistics. We present a specific case study where we demonstrate that
the form factor expansion shows a rapid convergence.
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1 Introduction and summary
Shortly after the first observation of the fractional quantum Hall (fqH) effect
[1], R.B. Laughlin proposed that this phenomenon has its origin in a new state
of matter, which is formed by electrons but nevertheless admits excitations of
fractional charge [2]. The experimental evidence for the existence of fractionally
charged excitations includes the results of shot-noise measurements for charge
transport through fqH samples [3].
The unusual properties of the fqH quasi-particles do not stop at their frac-
tional charge; in addition, the (bulk and edge) quasi-particles exhibit various
forms of fractional quantum statistics [4, 5, 6, 7].
In a previous paper [8] we initiated a program that aims at computing various
transport properties of fqH systems in a formalism that makes direct reference
to the (fractionally) charged quasi-particles. In particular, we presented a quasi-
particle basis of the edge Conformal Field Theory (CFT) for the ν = 1
p
principal
Laughlin states. We demonstrated that the CFT quasi-particles satisfy a form
a fractional statistics that is closely related to Haldane’s notion of ‘fractional
exclusion statistics’ [6].
The CFT for the ν = 1/p fqH edges can be identified with a continuum
(N → ∞) limit of the Calogero-Sutherland (CS) model for quantum mechanics
with inverse square exchange. The natural quasi-particles for the fqH system
correspond to eigenstates of the CS hamiltonian. In the work of many groups,
the eigenstates of hamiltonians of the CS-type have been understood in terms of
Jack symmetric polynomials. In particular, S. Iso [9] presented two alternative
Jack polynomial bases for the continuum CS theory. In section 3.4 below, we
discuss the precise correspondence between these CS bases and the fqH basis we
presented in [8].
It has been recognized by many groups that quantum many body systems
with inverse square exchange come close to being ‘ideal gases of fractional statis-
tics particles’. Supporting this claim are the observations that (i) equilibrium
thermodynamic quantities can be evaluated with the help of 1-particle distribu-
tion functions for fractional statistics and, (ii) the zero-temperature correlation
functions of simple operators (such as electron and hole operators) are mediated
by intermediate states with a minimal number of propagating quasi-particles [see
section 4].
When turning to finite temperature, one quickly discovers that the second ‘free
gas’ property (ii) no longer holds. There are important many body effects which
can not be ignored when computing correlation functions of physical operators at
finite temperature. This implies that great care needs to be taken when setting
up arguments that link the T -dependence of physical observables (I-V and shot-
noise characteristics in particular) to the fractional statistics of the fundamental
charge carriers [10].
In this paper we turn to the problem of extending the formalism based on
2
quasi-particles with fractional statistics to finite temperatures. We argue that
specific finite-T correlation functions can be written in a so-called form factor
expansion. Such expansions start with a term that refers to a minimal number of
quasi-particles; to this leading term successive corrections are added that refer to
more and more quasi-particles participating in physical process described by the
correlation function. To test the validity of the proposed expansion, we explicitly
evaluate the form factor expansion for a specific finite-T Green’s function, col-
lecting all terms that refer to one or two quasi-particles. The numerical results
show a rather rapid convergence to the (known) exact expression.
The form factor expansion that we propose is similar in spirit to expressions
that were proposed in [11] (see also [12]) in the context of integrable quantum field
theories whose structure is set by a factorizable scattering matrix. Despite this
similarity, the two approaches are rather different: in our approach we nowhere
rely on scattering data or on the associated form factor axioms, but instead
perform explicit computations in a CFT that is regularized by the finite size L
of the spatial direction.
This paper is organized as follows.
In section 2 we review results obtained in our earlier paper [8]. We present
a basis for the edge theories for the ν = 1
p
fqH state, employing edge electrons
and edge quasi-holes as the fundamental charged quasi-particles. We describe
the associated 1-particle thermodynamic distribution functions and discuss the
fundamental duality between the two types of quasi-particles.
In section 3 we discuss the continuum CS models and the associated Jack
polynomial bases as first given by Iso. We give an explicit 1-1 connection between
the states in the CS basis and the states in the fqH basis.
In section 4 we turn to form factors. In 4.1 we discuss the ones relevant for
T = 0, while in 4.2 we present simple examples of form factors that contribute at
non-zero T . The expressions that we obtain make clear that the simple picture of
‘an ideal gas’ breaks down at finite temperature. A rather general set of selection
rules is presented in 4.3, while in section 4.4 we briefly discuss the extent to which
our explicit results can be understood from an axiomatic approach based on a
factorized S-matrix.
In section 5 we compute 1 and 2-particle diagonal form factors for the ‘edge
electron counting operator’. These form factors are then used to evaluate the
leading terms in a form factor expansion for the finite-T Green’s function that
determines the I-V characteristics of edge tunneling processes.
In section 6 we present our conclusions. In the appendices we specify algebraic
properties of the charged edge operators for ν = 1
2
, we summarize some relevant
results on Jack polynomials, and we provide a proof of the form factor selection
rules presented in section 4.3.
3
2 Quasi-particle basis of fqH edge theories
2.1 fqH edge theories as CFT
It is well known that many (though not all!) aspects of the low energy dynamics
of fqH systems can be captured by an effective edge theory. These edge theories
are so-called chiral Luttinger Liquids or chiral CFTs. For the specific case of a
principal Laughlin state at filling ν = 1/p, the CFT describing a single edge (in
isolation) is a specific c = 1 CFT.
The standard interpretation of this effective theory is in terms of a chiral bo-
son, which is identified with a quantized density wave (magnetoplasmon) along
the edge of the fqH sample. By exploiting the relation between the chiral anomaly
and the quantized Hall conductance, one finds that the chiral boson field is com-
pactified on a circle of radius R2 = p [13]. This construction directly leads to a
space of states (the so-called chiral Hilbert space) with partition function
Z1/p(q) =
∞∑
Q=−∞
q
Q2
2p
(q)∞
, (2.1)
with (q)∞ =
∏∞
l=1(1−ql) and q = e−β
2pi
L
1
ρ0 . [The 1-particle energies are spaced by
l 2π
L
1
ρ0
with l integer and ρ0 the density of states per unit length, ρ0 = (~vF )
−1.]
In eq. (2.1), the parameter Q is the electric U(1) charge in units of e
p
. The
Hilbert space is obtained as a collection of charge sectors Q. Within each sector,
there is a leading state of minimal energy Q
2
2p
; all other states in that sector are
reached via the application of (neutral) Fourier modes of the density operator.
Together, these modes form a U(1) Kac-Moody algebra, and the factor 1
(q)∞
is
the well-known character of a highest weight module of this affine algebra.
In our earlier paper [8], we proposed that the CFT for the ν = 1
p
fqH edge
can be interpreted in terms of a set of fundamental charged quasi-particles. We
have worked out a formulation in terms of edge electrons (of charge −e) and edge
quasi-holes (of charge + e
p
). Our main motivation has been that, using this novel
formulation, one learns how to understand some of the unusual and spectacu-
lar phenomenology of the fqH systems as manifestations of unusual properties
(fractional charge and fractional statistics in particular) of their fundamental
quasi-particles.
2.2 The fqH quasi-particle basis
In [8], we demonstrated how the collection of states (2.1) can be understood
as a collection of multi-particle states, the fundamental (quasi-)particles being
the edge electron and the edge quasi-hole, of charge Q = −p and Q = +1,
respectively.
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The edge electron and quasi-holes are described by the conformal, primary
fields
J (−p)(z) =
∑
t
J
(−p)
−t z
t− p
2 , φ+(z) =
∑
s
φ+−sz
s− 1
2p . (2.2)
Clearly, one can employ the Fourier modes J
(−p)
−t and φ
+
−s as ‘creation operators’
for the corresponding quasi-particles. [The reason why we put quotation marks
here will soon become clear.] In [8] we identified a collection of multi-J , multi-φ
states which together form a basis for the chiral Hilbert space. It is given by the
states (from now on we omit the charge superindex on the operators J , φ)
J−(2M−1)p
2
+Q−mM . . . J− p2+Q−m1φ−(2N−1) 12p−
Q
p
−nN . . . φ− 12p−
Q
p
−n1 |Q 〉
with mM ≥ mM−1 ≥ . . . ≥ m1 ≥ 0, nN ≥ nN−1 ≥ . . . ≥ n1 ≥ 0 ,
n1 > 0 if Q < 0 , (2.3)
where |Q〉 denotes the lowest energy state of charge Q e
p
, with Q taking the values
−(p− 1), −(p− 2), . . ., −1, 0.
The associated character identity is
Z1/p(q) =
0∑
Q=−(p−1)
q
Q2
2p ZqhQ (q)Z
e
Q(q) , (2.4)
where the factor q
Q2
2p takes into account the energy of the initial states and we
denoted by ZqhQ , Z
e
Q the partition functions for quasi-holes and electrons in the
sector with vacuum charge Q. They are naturally written as
ZqhQ =
∞∑
N=0
q
1
2p
(N2+2QN)+(1−δQ,0)N
(q)N
, ZeQ =
∞∑
M=0
q
p
2
M2−QM
(q)M
, (2.5)
with (q)L =
∏L
l=1(1 − ql). The identity (2.4) can be rigorously established by
employing partition counting theorems that are available in the mathematical
literature (see [14] for a discussion).
An important special case is p = 1, where the quasi-particle basis (2.3) is the
standard multi-particle basis in a theory of free, charged but spin-less fermions.
2.3 Fractional statistics and duality
2.3.1 Fractional exclusion statistics
In a 1991 paper [6], F.D.M. Haldane proposed the notion ‘fractional exclusion
statistics’, as a tool for the analysis of strongly correlated many-body systems.
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The central assumption that is made concerns the way a many-body spectrum is
built by filling available one-particle states. In words, it is assumed that the act
of filling a one-particle state effectively reduces the dimension of the space of re-
maining one-particle states by an amount g. The choices g = 1, g = 0 correspond
to fermions and bosons, respectively. The thermodynamics for general ‘g-ons’,
and in particular the appropriate generalization of the Fermi-Dirac distribution
function, have been obtained in [15]. The so-called IOW equations
n¯g(ǫ) =
1
[w(ǫ) + g]
, with [w(ǫ)]g[1 + w(ǫ)]1−g = eβ(ǫ−µ) (2.6)
provide an implicit expression for the 1-particle distribution function n¯g(ǫ) for g-
ons at temperature T and chemical potential µ. The solutions n¯g(ǫ) have limiting
value n¯maxg =
1
g
for ǫ→ −∞.
2.3.2 Spectral shift statistics and the fqH effect
In [8] we analyzed the exclusion statistics behind the states (2.3) that form a basis
for the chiral Hilbert space for a ν = 1
p
fqH edge. This analysis employed a tech-
nique, first proposed in [16], based on recursion relations satisfied by truncated
chiral partition functions. The remarkable conclusions are that
• the ‘microscopic’ state-filling rules differ from those formulated by Haldane,
but
• the state counting, and thereby the 1-particle thermodynamic distribution
functions, agree with those associated to fractional exclusion statistics, i.e.
the distribution functions are solutions of the IOW equations.
The precise statement is that the edge electrons are described by the IOW dis-
tribution with g = p, while the edge quasi-hole states are thermally occupied
according to the distribution with g˜ = 1/p. It is important to remark that there
is no mutual statistics between the two types of excitations.
For later reference, we list the explicit expressions for the distribution func-
tions for the case p = 2
n¯2(ǫ) =
1
2
(
1− 1√
1 + 4 e−β(ǫ−µ)
)
, n¯1
2
(ǫ) =
2√
1 + 4e2β(ǫ−µ)
. (2.7)
2.3.3 Duality
The distribution functions for fractional exclusion statistics with parameters g
and g˜ = 1/g satisfy the following duality relation [17]
g n¯g(ǫ) = 1− g˜ n¯g˜(−g˜ǫ) . (2.8)
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The interpretation of this result is that the g˜ quanta with positive energy act as
holes in the ground state distribution of negative energy g-quanta.
Translating back to the ν = 1
p
fqH edge, we observe a fundamental duality
between edge electrons and edge quasi-holes, in agreement with the physical in-
terpretation of strong and weak backscattering limits of edge-to-edge tunneling
processes [18]. Under the duality, the removal of a single edge electron corre-
sponds to the creation of a total of p quasi-holes.
This duality further implies that, when setting up a quasi-particle description
for fqH edges, we can opt for (i) either quasi-holes o`r edge electrons, with energies
over the full range −∞ < ǫ <∞ (‘particle picture’), or (ii) a combination of both
types of quasi-particles, each having positive energies only (‘excitation picture’).
The option (ii) is the one realized in the fqH basis of section 2.2. In section 3 we
shall discuss the CS bases proposed by Iso, which in a sense uses the option (i).
2.4 Equilibrium quantities
2.4.1 Specific heat
The specific heat of a conformal field theory is well-known to be proportional to
the central charge cCFT
C(T )
L
= γρ0k
2
BT , γ =
π
6
cCFT , (2.9)
where ρ0 = (~vF )
−1 is the density of states per unit length. In [8] we demonstrated
that the fqH quasi-particle basis specified in (2.3) leads to (with g = p, g˜ = 1
p
)
γ = γg,+ + γg˜,+ (2.10)
with
γg,+ = ∂β
∫ ∞
0
dǫ ǫ n¯g(ǫ) , γg˜,+ = ∂β
∫ ∞
0
dǫ ǫ n¯g˜(ǫ) . (2.11)
One finds that, while the individual contributions γg,+, γg˜,+ depend on g, their
sum is equal to π
6
for all g, in agreement with cCFT = 1. For g = 2, g˜ =
1
2
one has
γ2,+ =
π
6
2
5
, γ1
2
,+
=
π
6
3
5
. (2.12)
2.4.2 Hall conductance
By a simple back-of-the-envelope argument, the Hall conductance is related to
the edge capacitance, i.e. to the charge ∆Q that is accumulated on a given edge
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in response to an applied voltage V . One quickly derives the following expression
for the Hall conductance
G/[
e2
h
] =
1
eV
[
−
∫ ∞
0
dǫ n¯p(ǫ+ eV ) +
1
p
∫ ∞
0
dǫ n¯ 1
p
(ǫ− e
p
V )
]
. (2.13)
Using the properties of the distribution functions, one shows that this expression
is independent of the temperature, and gives G = 1
p
e2
h
for the ν = 1
p
edge. For
T = 0 eq. (2.13) reduces to
G = n¯maxg
q2
h
, (2.14)
with q the charge and g the statistics parameter of the quasi-particles that are
pulled into the edge by the applied voltage. Depending on the sign of V these
are the edge electrons (q = −e, n¯max = 1
p
) or the quasi-holes (q = e
p
, n¯max = p);
both give the canonical value of the Hall conductance.
3 CS models and fractional statistics
3.1 Inverse square exchange in the CFT setting
While the states specified in (2.3) form a complete basis of the chiral Hilbert
space, they are not mutually orthogonal, and as such they do not form a proper
starting point for further analysis. In principle one may go through a orthog-
onalization procedure to arrive at a proper canonical quasi-particle basis. We
shall here reach this goal in a more efficient way, by exploiting the close con-
nection with so-called Calogero-Sutherland (CS) models of many-body quantum
mechanics.
The CS model describes the (non-relativistic) quantum mechanics of N parti-
cles on a circle, with 2-body interaction that is proportional to the inverse square
of the chord distance between the particles. In [9], S. Iso demonstrated that the
limit N → ∞ of a CS model with interaction strength p(p − 1) can be identi-
fied with the c = 1 CFT of a chiral boson compactified on a circle with radius
R2 = p. Iso also specified a collective hamiltonianHCS, acting in the CFT Hilbert
space, whose eigenstates precisely correspond to the multi-particle states of the
underlying CS model.
It turns out that the eigenstates of HCS are in 1-1 correspondence with the
states specified in eq. (2.3): by adding subleading terms to the expressions in
(2.3), one arrives at a (orthogonal and complete) set of eigenstates of HCS. Com-
paring with Iso’s formulation, one finds that the ‘superfermions’ of [9] correspond
to what we call edge electrons and the ‘anyons’ of [9] are the edge quasi-holes
of the fqH system. Nevertheless, the ‘CS basis’ specified by Iso differs from the
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‘fqH basis’ of this paper through the way in which the quasi-particle content of
a given state is specified. In subsection 3.4 below we shall spell out the precise
correspondence between the two formulations.
The spectrum of the CS models has been analyzed with the help of so-called
Jack symmetric polynomials, which provide explicit wave functions and eigen-
states for the CS hamiltonian. With the help of ‘Jack technology’, important
conjectures [19] about zero-temperature correlation functions of models with in-
verse square exchange have been proven [20, 21]. In the present paper, where we
are interested in finite-temperature correlation functions, we shall apply the ‘Jack
technology’ to obtain a set of selection rules on form factors that are relevant for
computations at finite temperature. We shall complement these considerations
with explicit computations of form factors involving states with up to two quasi-
particles.
3.2 The hamiltonian HCS and the fqH basis
To specify the operator HCS, we employ a free chiral scalar field ϕ(z). In terms
of this scalar field, the charged fields J and φ take the form of so-called vertex
operators,
J(z) = e−i
√
pϕ(z) , φ(z) = e
i 1√
p
ϕ
(z) . (3.1)
The operator Q =
∮
(i
√
p∂ϕ) measures the electric charge in units e
p
. Following
[9], we define
HCS =
p− 1
p
∞∑
l=0
(l + 1)(i
√
p∂ϕ)−l−1(i
√
p∂ϕ)l+1 +
1
3p
[
(i
√
p∂ϕ)3
]
0
, (3.2)
where ∂ϕ(z) =
∑
l(∂ϕ)lz
−l−1 and where the second term on the r.h.s. denotes
the zero-mode of the normal ordered product of three factors (i
√
p∂ϕ)(z). As a
first result, one finds the following action of HCS on states containing a single
quasi-particle of charge Q = +1 or Q = −p
HCS φ− 1
2p
−n|0〉 = hφ(n)φ− 1
2p
−n|0〉 , hφ(n) =
[
1
3p
+ pn(n +
1
p
)
]
HCS J− p
2
−m|0〉 = hJ(m)J− p
2
−m|0〉 , hJ(m) =
[
−p
2
3
−m(p+m)
]
.
(3.3)
We would like to stress that the fact that both Js and φt diagonalize HCS is quite
non-trivial. If one evaluates HCS on any vertex operator φ
(Q) (of charge Q e
p
), one
typically runs into the field product (Tφ(Q))(z), where T (z) = −1
2
(∂ϕ)2(z) is the
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stress-energy of the scalar field ϕ. Only for Q = 1 and Q = −p do such terms
cancel and do we find that the quasi-particle states are eigenstates of HCS.
We can now continue and construct eigenstates of HCS which contain several
φ or J-quanta. What one then finds is that the simple product states specified in
(2.3) are not HCS eigenstates, but that they rather act as head states that need
to be supplemented by a tail of subleading terms. For the HCS eigenstate headed
by the multi-particle state (2.3) (with unit coefficient), we shall use the notation
|{mj ;ni}〉Q (3.4)
so that
HCS|{mj;ni}〉Q =[
Q3
3p
+
M∑
j=1
hJ((j − 1)p−Q+mj) +
N∑
i=1
hφ(
1
p
(Q+ i− 1) + ni)
]
|{mj;ni}〉Q.
(3.5)
The states (3.4), with the mj , ni and Q as specified in and below (2.3), form a
complete and orthogonal basis for the chiral Hilbert space.
For the sake of illustration, we give explicit results for a few simple states of
the fqH basis. The 1-particle states over the Q = 0 vacuum are given by
|{m1}〉0 = J− p
2
−m1 |0〉 , |{n1}〉0 = φ− 1
2p
−n1|0〉 . (3.6)
The norms of these states can explicitly be evaluated by exploiting the (general-
ized) commutation relations satisfied by the modes Js and φt. One finds
0〈{m1}|{m1}〉0 = C(−p)m1 , 0〈{n1}|{n1}〉0 = C
(− 1
p
)
n1 , (3.7)
where the C
(α)
k are the expansion coefficients of (1− x)α =
∑
k≥0C
(α)
k x
k.
In our discussion below we shall often restrict ourselves to the vacuum sector
Q = 0, and omit the explicit sector label Q on the fqH states (3.4).
For later use, we present the explicit form of the fqH states |{m2, m1}〉 and
|{m1;n1}〉 at p = 2
|{m2, m1}〉 = |m2, m1〉+ 2
m2 −m1 + 3
∑
l>0
|m2 + l, m1 − l〉 , (3.8)
|{m1;n1}〉 = |m1;n1〉 − 1
(m1 + 2n1 + 1)
∑
l>0
|m1 + l;n1 − l〉 , (3.9)
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with
|m2, m1〉 = J−3−m2J−1−m1 |0〉 , |m1;n1〉 = J−1−m1φ− 1
4
−n1|0〉 . (3.10)
By explicit evaluation, we obtain the following norms for these states (again at
p = 2)
N{m2,m1} = 〈{m2, m1}|{m2, m1}〉 =
m2 −m1 + 1
m2 −m1 + 3(m2 + 3)(m1 + 1) ,
N{m1;n1} = 〈{m1;n1}|{m1;n1}〉 =
m1 + 2n1 + 2
m1 + 2n1 + 1
(m1 + 1)C
(− 1
2
)
n1 . (3.11)
3.3 Jack polynomials and the CS bases
In the previous section, we specified a complete set of eigenstates of the hamilto-
nian HCS in terms of charged quasi-particles J and φ. It is clear that these same
eigenstates can be obtained by applying an appropriate polynomial in the modes
an = (∂ϕ)n of the auxiliary scalar field to a vacuum state |q〉. It turns out that
the polynomials that are needed are so-called Jack polynomials. In appendix B
we briefly discuss some of their relevant properties.
Following Iso [9], we may specify a basis of CS eigenstates as follows
|{µ}J , q〉 = J
1
p
{µ′}({
√
pa−n})|q〉 = J
1
p
{µ′}|q〉 , (3.12)
with the U(1) charge q running over all integers, and {µ} running over all Young
tableaus. The norms of these states are given by
〈{µ}J , q|{µ}J , q〉 = j
1
p
µ′ . (3.13)
An alternative ‘dual’ basis, consists of the states
|{ν}φ, q〉 = Jp{ν′}({
a−n√
p
}) |q〉 = Jp{ν′} |q〉 , (3.14)
with q integer and {ν} running over all Young tableaus, with norms given by
〈{ν}φ, q|{ν}φ, q〉 = jpν′ . (3.15)
11
3.4 Correspondence between fqH and CS bases
Knowing that both the fqH quasi-particle basis and the CS Jack polynomial
basis (3.12) are complete bases of orthogonal eigenstates of the operator HCS,
one quickly concludes that there is a 1-1 identification between these two bases.
In this section we explicitly describe this 1-1 correspondence.
We start by observing that the Jack state
|{µ}J , q〉 = J
1
p
{µ′}|q〉 (3.16)
can be written as the sum of a leading state
J−m
M˜
+q+ p
2
J−m
M˜−1+q+
3p
2
. . . J−m1+q+ (2M˜−1)p2
|q + M˜p〉 , (3.17)
and a ‘tail’ of sub-leading corrections, where ‘subleading’ refers to the triangular
form of HCS on states of the form (3.17). Here we identified mj = µM˜+1−j ≥ 1,
with M˜ = l({µ}).
Similarly we identify
|{ν}φ, q〉 = Jp{ν′}|q〉 (3.18)
with the HCS eigenstate headed by
φ−n
N˜
− q
p
+ 1
2p
φ−n
N˜−1− qp+ 32p . . . φ−n1− qp+ 2N˜−12p
|q − N˜〉 , (3.19)
with ni = νN˜+1−i ≥ 1 and N˜ = l({ν}).
Note that, as they stand, the expressions (3.17) and (3.19) are, in general,
not of the form (2.3) that defines a member of the fqH basis.
Using the above, we find the following identifications for fqH states which
contain only one type of mode operator
|{ni}〉Q = |{ν}φ, Q+N〉
|{mj}〉Q = |{µ}J , Q− pM〉 , (3.20)
with νi = nN−i+1 ≥ 1 for N˜−i ≥ 0 and similarly µj = mM−j+1 ≥ 1 for M˜−j ≥ 0.
Note that only the ni that are non-zero become a part of the tableau {ν}; the
φ-modes with ni = 0 change the charge of the vacuum without exciting any of
the (∂ϕ)n modes. [A similar remark applies to the J-modes with mj = 0.]
The duality eq. (B.3) on the Jack polynomials leads to the following duality
relation for the Jack operators,
Jp{λ′} = (−1)|λ|jp{λ}J
1
p
{λ} . (3.21)
This relation enables us rewrite the states |{ni}〉Q to either the |{ν ′}J , Q+N〉 or
the |{ν}φ, Q+N〉 form. We can for example rewrite
|{ni}〉Q = |{ν}φ, Q+N〉
= (−1)|ν|jp{ν′}|{ν ′}J , Q+N〉 . (3.22)
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The last state is equivalent to the state which has
J−ν′1+Q+N+ p2J−ν′2+Q+N+ 3p2 ...J−ν′nN+Q+N+
(2nN−1)p
2
|Q+N + nNp〉 (3.23)
as its leading state (assuming n1 > 0).
One may explicitly check that the eigenvalues of both the Virasoro zero-mode
L0 and and the CS hamiltonian HCS are invariant under the duality transforma-
tion that identifies the state headed by (3.19) to the state headed by (3.23).
If there are no J-operators present in the fqH head state we can use the
duality to transform the φ-operators in the head state into J-operators and we
achieve our goal of identitying the fqH state with a member of the CS J-basis.
If the fqH state has both J and φ-operators present, we can still map the φ-
operators to a dual set of J-operators. Starting from the state |{mj}, {ni}〉Q we
see that, upon using the identity (3.22), the J-modes associated to the mj ‘see’
their vacuum shifted from |Q〉 to |Q + N〉. Since the vacuum charge leads to a
shift in the values of the mode-indices (see (3.17)), this means that in the CS
basis, the corresponding J-modes will be labeled by mi + N instead of mi. It
is important to remark that this shift does not affect the contribution of the J
modes to the eigenvalue of HCS on the state. This is because the eigenvalues
of HCS, as specified in eq. (3.5), depend directly on the full mode-indices in the
head state and not just on the labels mj , as can be seen by comparing eq.(3.5)
with (2.3).
We can now give the full mapping from a fqH basis state to a state in the CS
basis
|{mj;ni}〉Q = |{σ}J , Q+N − pM〉
with {σ} = ({m}+NM ) ∪ {ν ′} , (3.24)
where the sum of the partitions is {µ}+NM = (µ1+N, µ2+N, .., µM +N), and
the cup product {λ} ∪ {ρ} denotes the partition obtained from sorting the parts
(λ1, ..., λS, ρ1, ..., ρR) in descending order.
The mapping from the CS basis back to the fqH basis is slightly more compli-
cated. We start from a CS state |{σ}J , q〉, with S = l({σ}), to which we associate
a multi-J state as in (3.17). We note that the quantity σj− q−pj decreases with
increasing label j which allows us to fix j such that
σj − q − pj ≥ 0 , σj+1 − q − p(j + 1) < 0 . (3.25)
The condition on σj guarantees that the associated J-mode is an allowed mode
on a fqH vacuum |Q〉 with −(p − 1) ≤ Q ≤ 0. We now consider the state that
remains when all J-modes left from and at the position j are removed. With the
use of duality this state can be rewritten,
|{ν ′}J , q + pj〉 ∝ |{ν}φ, q + pj〉 (3.26)
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{µ}
,
{ν}
→
N
✲✛
M
✻
❄
{µ}
{ν ′}
Figure 3.1: Mapping from the state |(8, 8, 5, 0, 0), (6, 4, 4, 4, 0)〉0 in the fqH basis
to the state |(13, 13, 10, 5, 5, 4, 4, 4, 4, 1, 1)J, q = 5− 5p〉 in the CS basis.
with
ν ′i = σi+j for i = 1 . . . S − j . (3.27)
The φ-operators in the leading state of |{ν}φ, q + pj〉 act on the vacuum with
charge Q˜ = q + pj − σj+1 vacuum. The second condition in (3.25) guarantees
that Q˜ ≥ −(p − 1). If one has Q˜ ≤ 0, one identifies Q = Q˜ as the vacuum
charge of the fqH basis state. If, however, Q˜ is larger than zero the state |Q˜〉
was created from |0〉 using φ-operators with the highest allowed mode index.
From this argument we obtain that the state |{σ}J , q〉 from the CS basis can be
rewritten as |{mi;ni}〉Q with the following rules for selecting Q, M and N and
the mode indices {mi} and {ni}
M = j , N = max(q + pj, σj+1) , Q = q + pM −N (3.28)
mi = σj+1−i −N for i = 1 . . . j
ni = νσj+1+1−i for i = 1 . . . σj+1
= 0 for i = σj+1 + 1 . . .N , (3.29)
with j and {ν} as specified in (3.25) and (3.27).
3.5 Norms for the fqH basis
Of importance for later calculations are the norms of the states |{mj;ni}〉Q of the
fqH basis. These norms can be evaluated by using the fqH-CS correspondence,
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together with the norms in the CS basis, as specified in (3.13) and (3.15). The
general result is
N{mj ;ni} =
∣∣|{mj;ni〉Q∣∣2 = (jp{ν′})2j 1p{σ′} , (3.30)
where {ν} and {µ} are the tableaus corresponding to {ni} and {mj}, respectively,
and the tableau {σ} is specified in (3.24). The norm can be factorized into the
norms of the J and φ parts separately times an extra factor associated with the
added partition NM
N{mj ;ni} = j
p
{ν′}j
1
p
{µ′}
∏
(i,j)∈MN
(µj − i+M) + p(νi − j +N + 1)
(µj − i+ 1 +M) + p(νi − j +N) . (3.31)
The expressions (3.11) are special cases of this general formula.
In the case where mj , ni ≫ 1 the expressions simplify and one finds the
following factorized form
N{mj ;ni} ≈
M∏
j=1
mj
p−1
Γ(p)
N∏
i=1
ni
1
p
−1
Γ(1
p
)
. (3.32)
4 Form factors
4.1 Vacuum form factors
We start by considering the simplest non-vanishing form factors of the basic
electron operators J(z), J†(z) against the multi-particle states in the fqH basis
〈0|J p
2
+m|{np, . . . , n2, n1}〉N = [N{np,...,n2,n1}]
1
2 fJ(np, . . . , n1) δm,np+...+n1 ,
〈0|J†
+ p
2
+m
|{m1}〉N = [N{m1}]
1
2 fJ†(m1) δm,m1 , (4.1)
where the subscript N indicates that the state has been properly normalized.
One immediately finds
fJ†(m1) = 1 . (4.2)
We briefly explain the exact evaluation of the form factor fJ(np, . . . , n1) as
defined in (4.1). Let us consider the special case p = 2 first. In that case the
operator J(z) has conformal dimension 1 and may be identified with one of the
currents of the affine Kac-Moody algebra ŝu(2)1 (see appendix A). By exploiting
the OPE
φ(w1)φ(w2) = (w1 − w2)+
1
2
[
J†(w2) +O(w1 − w2)
]
(4.3)
one obtains
J†(w2) =
∮
Cw2
dw1
2πi
(w1 − w2)− 32φ(w1)φ(w2) . (4.4)
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Using the expansion formula (B.7) we obtain
J†(w2)| 0 〉 =
∑
n2,n1
P
1
2
{n2,n1}(w2, w2)|{n2, n1}φ, q = 2〉 (4.5)
and it follows that
〈0|J1+m |{n2, n1}〉N = [N{n2,n1}]
1
2 P
1
2
{n2,n1}(1, 1) δm,n2+n1 . (4.6)
For general p one obtains a similar result in terms of Jack polynomials with label
1
p
. Using explicit expressions [22, 21] for P
1
p
{...}(1, . . . , 1), we obtain
fJ(np, . . . , n1) =
p−1∏
i=0
Γ(1
p
)
Γ(1− i
p
)
∏
i<j
Γ(nj − ni + j−i+1p )
Γ(nj − ni + j−ip )
. (4.7)
In the large volume limit, where all ni ≫ 1, this becomes
fJ(np, . . . , n1) =
[Γ(1
p
)]p∏p−1
i=0 Γ(1− ip)
∏
i<j
(nj − ni)
1
p . (4.8)
The form (4.8) of the form factor can be viewed as a limit in (chiral) CFT of
a result on correlation functions for the ‘classical’ model of quantum mechanics
with inverse square exchange. This result was conjectured by Haldane [19] and
later proven in [20, 21].
An important insight is that there are no other non-vanishing form factors
of the state J†− p
2
−m|0〉 with the elements of the fqH basis. In other words, the
spectral weight of this state is completely accounted for by states having precisely
the minimal number of p quasi-holes. On the basis of this observation, it has been
proposed that the T = 0 particle system underlying the fqH basis be viewed as
an ‘ideal gas of fractional statistics particles’. In formula, this completeness is
expressed by the following identity for the T = 0 2-point function of the edge
electron operator J−t
1
m+ 1
〈0|Jm+1J†−m−1|0〉
=
1
m+ 1
∑
n2≥n1,n2+n1=m
〈0|Jm+1|{n2, n1}〉NN〈{n2, n1}|J†−m−1|0〉
=
1
m+ 1
∑
n2≥n1,n2+n1=m
(n2 − n1)
(n2n1)
1
2
=
∫ 1
2
0
dx
(1− 2x)
[x(1 − x)]12
= 1 , (4.9)
16
where x = m1
m
and we inserted asymptotic expressions valid for m,n2, n1 ≫ 1.
This result is in agreement with a direct computation using algebraic properties
of the J modes.
We remark here that, as we shall see in the next sections, the structure of
more general form factors, shows ‘many body effects’ and is not easily reconciled
with a notion of an ideal gas of fractional statistics particles.
4.2 More general form factors
We now consider more general form factors for the edge electron ‘annihilation
operator’ J†(z). The simplest form factor with a 2-particle in-state is
N〈{m′1}|J†3p
2
+m
|{m2, m1}〉N =
[
N{m2,m1}
Nm′1
] 1
2
fJ |JJ(m′1, m2, m1) δm,m2+m1−m′1 . (4.10)
Using the expansion formula (B.8) we derive the following general result
fJ |JJ(m
′
1, m2, m1) =
p∑
s=0
C(p)s p
(p)
m′1−m1−s (4.11)
where
P p{m2,m1}(z1, z2) = z
m2
1 z
m1
2
m2−m1∑
l=0
p
(p)
l
(
z2
z1
)l
. (4.12)
Specializing to p = 1, 2, 3, we have the following explicit results
p = 1 : fJ |JJ(m
′
1, m2, m1) = δm′1=m1 − δm′1=m2+1
p = 2 : fJ |JJ(m′1, m2, m1) =
δm′1=m1 + δm′1=m2+2 −
2
m2 −m1 + 1Θ(m1 < m
′
1 < m2 + 2)
p = 3 : fJ |JJ(m′1, m2, m1) =
δm′1=m1 − δm′1=m2+3 −
6(m2 +m1 − 2m′1)
(m2 −m1 + 1)(m2 −m1 + 2)Θ(m1 < m
′
1 < m2 + 3) .
(4.13)
We also consider the case where the in-state contains one φ and one J quantum
N〈{n′1}|J†p
2
+m
|{m1;n1}〉N =
[
N{m1;n1}
Nn′1
] 1
2
fφ|Jφ(n′1, m1, n1) δm,m1+n1−n′1 . (4.14)
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Using the expansion formula
: J(z)φ(w) : |0〉 =
∑
m1;n1
rm1,n1(z, w)|{m1;n1}〉 (4.15)
with
rm,n(z, w) = z
m+1wn − m+ 1 + pn
m+ p(n+ 1)
zmwn+1 , (4.16)
we derive
fφ|Jφ(n
′
1, m1, n1) =
[
δn′1=n1 −
p− 1
m1 + p(n1 + 1)
Θ(n′1 > n1)
]
. (4.17)
While the results for p = 1 are a direct consequence of the Wick theorem,
the expressions for p 6= 1 show that the ‘ideal gas interpretation’ is no longer ap-
plicable for general p: both form factors (4.10) and (4.14) can be non-vanishing
when the energy of the electron annihilation operator J† does not match the
incoming electron energies m2 or m1, and where the energy difference is trans-
ferred to a second ‘spectator particle’. Furthermore, fJ |JJ and fφ|Jφ are not the
only non-vanishing form factors of J† with two incoming particles. For example,
there are non-vanishing overlaps between a state created by applying J† on the
a 2-electron state and states containing more quasi-particles than just a single
electron. The additional quasi-particles can be visualized as (neutral) density
waves or excitons, which are composed of a single electron and p quasi-holes.
In the next sub-section, we explore the selection rules that determine in a more
general setting the possible out-states for which the form factor of J† with a given
in-state is non-vanishing.
4.3 A form factor selection rule
In this section we put a bound on the possible out-state that arise upon acting
with an electron creation or annihilation operator on a given in-state. We perform
this analysis in the CS basis, where the systematics of Jack polynomials come to
our help. Using the mapping of section 3.4, the results can be translated to the
fqH basis.
We focus on the form factors
〈{µ}J , q|J−m+q+p− p2 |{ν}J , q + p〉 , (4.18)
with (unnormalized) Jack states as in (3.12).
The power of Jack Polynomial technology in analyzing this form factor comes
from the fact a product of vertex-operators can be written as a sum over prod-
ucts of a ‘coordinates’ Jack polynomials P p{λ} ({zi}) and ‘bosonic modes’ Jack
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operators J
1
p
{λ}. Both the coordinate and the bosonic mode Jack polynomials can
be manipulated using the results for Jack polynomials in mathematical litera-
ture [22, 23]. In Appendix B, we used this to rearrange the part of the vertex
operators that survives after applying them to the vacuum. Here we apply the
same method which enables us to analyze the action of a single mode operator
J−m+q+p− p
2
on a state created by a Jack operator. We note that for m ≥ 0 this
mode operator creates an additional edge electron.
A product of N + 1 edge electron operators acting on a vacuum |q˜〉 can be
expanded in Jack polynomials and Jack operators,
J(w)
N∏
i=1
J(zi)|q˜〉 =
w−q˜
N∏
i=1
(w − zi)p
∏
i<j
(zi − zj)p
N∏
i=1
z−q˜i
×

∑
{λ}
(−1)|λ|P p{λ} (w)J
1
p
{λ′}



∑
{ρ}
(−1)|ν|P p{ρ} ({zi})J
1
p
{ρ′}

 |q˜ − pN − p〉.
(4.19)
The state |{ν}J , q˜ − Np〉 with N = l({ν}) can be extracted from
∏N
i=1 J(zi)|q˜〉
by applying the operator
Op{ν},q˜ ({zi}) =
(pp{ν},l({ν}))
−1

l({ν})∏
i=1
∮
dzi
2πi
1
z−q˜+1i

P p{ν} ({z−1i })∆p ({z−1i }) ,
(4.20)
where we made use of the inner product (B.6) on coordinate dependent Jack
polynomials. The norm pp{ν},l({n} of the Jack polynomials will drop out of the
final result. We can write
J−m+q+p− p
2
|{ν}J , q˜ − pl({ν})〉 =
Mm−q−p(w)J(w)O
p
{ν},q˜ ({zi})
l({ν})∏
i=1
J(zi)|q˜〉 (4.21)
where
Mm(w) =
∮
dw
2πi
1
wm+1
. (4.22)
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From the definition it is clear that Op{ν},q˜ ({zi}) commutes with J(w), which
allows us to interchange the order in the expression above and to use the expan-
sion (4.19) of J(w)
∏N
i=1 J(zi)|q˜〉 in terms of Jack polynomials. By taking the
inner product of the resulting expression with 〈{µ}J , q|, where q = q˜− (N +1)p,
we obtain an expression for the form factor (4.18).
To decide for which choices of {µ}, {ν} and m the form factor can be non-
vanishing we proceed as follows. We first rewrite the product
N∏
i=1
(w − zi)p =
∑
{ni}
C
(p)
{ni}w
pN
N∏
i=1
(zi
w
)ni
(4.23)
where ni = 0, 1, . . . , p. We insert this into the expansion given in (4.19), and we
use that P p{λ} (w) is zero when {λ} is not of the form {λ} = (λ1, 0, 0, ...). The
contour integration contained in Mm−p−q(w) selects the following value for λ1
λ1 = |n|+m . (4.24)
Varying |n| = ∑i ni over all allowed values |n| = 0, . . . , pN , we find that λ1 has
to satisfy the inequalities
m ≤ λ1 ≤ m+ pN . (4.25)
We write 〈{µ}J |{λ}J{ρ}J〉 for the inner product 〈{µ}J , q|J
1
p
{λ′}J
1
p
{ρ′}|q〉. Using
a result by Stanley (Proposition 5.3 from [22]) we learn that this inner product is
non-zero if and only if ρ ⊆ µ and µ/ρ is a horizontal λ1-strip. The relation ρ ⊆ µ
indicates that for all i we have ρi ≤ µi. The skew tableau µ/ρ is the tableau
containing all boxes which are in the tableau µ but not in the tableau ρ. If every
column of the skew tableau contains at most one box it is called a horizontal strip
and if furthermore the total number of boxes in it is λ1 it is called a horizontal
λ1-strip.
A particular consequence is that λ1 satisfies
0 ≤ λ1 ≤ µ1 . (4.26)
Combining this inequality with (4.25), we conclude that
max(0, m) ≤ λ1 ≤ µ1 , (4.27)
which implies that
µ1 < m ⇒ J†m−q−p+ p
2
|{µ}J , q〉 = 0 , (4.28)
in agreement with explicit step-functions in the form factors (4.13) and (4.17).
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Figure 4.1: l arms and p legs.
The form factor is now written as
〈q, {µ}J |J−m+q+p− p2 |{ν}J , q + p〉 =
(pp{ν},l({ν}))
−1 ∑
{n},{λ1},{ρ}
δ|n|+m,λ1 C
(p)
{n} 〈{µ}J |{λ1}J{ρ}J〉
×
(
N∏
i=1
M0(zi)
)
m{n}({zi})∆p
({
z−1i
})
∆p({zi})P p{ρ} ({zi})P p{ν}
({
z−1i
})
,
(4.29)
where the summations extend over i, j = 1, . . . , N and {n} = (n1, . . . , nN) with
ni ∈ 0, 1, . . . , p.
The last part of this expression is the inner product on products of Jack
polynomials with a finite number of arguments {zi}. In Appendix C we discuss
restrictions on the tableaus {n}, {ν} and {ρ} that follow from imposing that this
final inner product be non-zero. Combining all ingredients, one arrives at the
following
Form factor selection rule
The form factor
〈{µ}J , q|J−m+q+p− p2 |{ν}J , q + p〉
can only be non-zero if {µ}, {ν}, m satisfy the following conditions
a. |ν|+m = |µ|
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b. 1. νj ≥ µj+1 for all j
2. νi ≤ p for i > l({µ})
c. m+
∑
i≥l({µ}) νi ≤ µ1
d.
∑j
i=1 νi ≤
∑j
i=1(µi + p).
These conditions imply that the tableau {ν} should have at most p legs
and l({µ}) arms, see fig. 4.1.
We refer to Appendix C for a complete proof of this result.
We remark that the above selection rule can be viewed as a generalization
of a selection rule that was used by Lesage, Pasquier and Serban [21] for the
evaluation of the zero-temperature density-density correlation function in the
Calogero-Sutherland model. These authors found that the (neutral) density op-
erator ρ when acting on the vacuum creates an ‘exiton’ with p quasi-holes and a
single electron, corresponding to a Young tableau with p legs and a single arm.
In the processes described by the form factor discussed in this section a similar
structure is found. Starting from a multi-J state described by a tableau {µ}, the
operator labeled by m annihilates one of the J-quanta. If there is a mismatch
between the modes of the operator and of the quantum that is annihilated, the
remaining momentum is carried away by a density fluctuation, which roughly
speaking corresponds to one extra arm and the p legs that can be present in the
tableau {ν}. If one starts from a state which, in the fqH basis, has a number
of J-quanta and N quasi-holes, with maximal mode nN , one finds that upon
annihilating a J mode up to nN + 1 exitons can be created.
4.4 Relation with S-matrix approach
In this section, we consider the structure of the quasi-particle form factors from
the point of view of an associated S-matrix structure.
Via the TBA procedure, the distribution functions for fractional exclusion
statistics are linked to an S-matrix with the following dependence on particle
rapidities θ = θ2 − θ1
Sab(θ) = exp[2πi(δab −Gab)Θ(θ)] . (4.30)
Although the quasi-particle states that we have considered are part of the
discrete spectrum of a finite size system, it is natural to identify the quasi-particle
states with a set of asymptotic particle states in a scattering theory with 2-body
S-matrix of this type, with diagonal statistics matrix G11 = p, G22 =
1
p
.
Via the well-known form factor axioms, this identification leads to specific
properties of the form factors. In particular, we expect factors
(ǫi − ǫj)p , (ǫ˜i − ǫ˜j)
1
p , (4.31)
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in form factors with particles J(ǫi) and φ(ǫ˜j) in the in-state, and annihilation
poles between particles in the in- and out-states.
The explicit result (4.8) for the vacuum form factor fJ has the expected zero’s
(ni−nj)
1
p . For the more general form factors discussed in section 4.2 the structure
is less clear. We observe however that, upon heuristically replacing
δm2,m1 →
1
(ǫ2 − ǫ1) , Θ(m2 −m1)→ log(ǫ2 − ǫ1) (4.32)
we have (for p = 1, 2, 3)
[∂ǫ′1]
p−1 [fJ |JJ(ǫ′1, ǫ2, ǫ1)]→ (ǫ2 − ǫ1)p(ǫ′1 − ǫ2)p(ǫ′1 − ǫ2)p . (4.33)
It will be most interesting to investigate whether the asymptotic limit of the form
factors considered and computed in this paper can be obtained by means of an
axiomatic approach.
5 Form factor expansion at finite temperature
5.1 General remarks
In a system of non-interacting electrons, transport properties such as I-V and
noise characteristics are obtained by computing the relevant amplitudes for trans-
mission and reflection of single particles, and then performing a statistical average
using a one-particle Fermi-Dirac distribution function. An important goal, that
we had in mind when setting up the quasi-particle formulation of fqH edges, is to
arrive at a similar description of transport processes in these interacting, highly
non-Fermi liquid, systems.
As a first attempt in this direction, one may try to simply replace free electron
amplitudes by corresponding amplitudes for fqH quasi-particles, and simultane-
ously replace the Fermi-Dirac distribution by an appropriate distribution function
for fractional statistics. While, as we shall argue, this idea is essentially correct,
we stress that a correct implementation is subtle and involves the important
concept of a so-called form factor expansion.
In this section, we shall focus on the following finite temperature Green’s
functions in the CFT for the ν = 1
p
fqH edge
h(ǫ) = 〈ψ†
ν= 1
p
(ǫ)ψν= 1
p
(ǫ)〉T , H(ǫ) = 〈ψν= 1
p
(ǫ)ψ†
ν= 1
p
(ǫ)〉T , (5.1)
where the operators ψ†
ν= 1
p
(ǫ) and ψν= 1
p
(ǫ) are the continuum limits of the edge
electron operators Js and J
†
s considered in this paper.
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In the next subsection, we recall how this Green’s function is used for the
computation of the I-V characteristics for the tunneling of electrons into a fqH
edge. After that, we give the general form of the form factor expansions for finite
temperature correlation functions. We shall then zoom in on the case m = 2, and
explain how the finite-T Green’s function h(ǫ) can be approximated in a form
factor expansion.
5.2 Kinetic equation for electron tunneling
As explained in [24, 8], the Green’s functions (5.1) can be used to computed
the finite temperature I-V characteristics for the tunneling of electrons from a
Fermi Liquid (FL) reservoir into a ν = 1
p
fqH edge. Starting from the tunneling
hamiltonian
Hint ∝ t
∫
dǫ
[
ψ†FL(ǫ)ψν= 13 (ǫ) + h.c.
]
, (5.2)
one can show that, in lowest order perturbation theory, the current-voltage char-
acteristics are given by
I(V, T ) ∝ e t2
∫ ∞
−∞
dǫ [f(ǫ− eV )H(ǫ)− F (ǫ− eV )h(ǫ)] , (5.3)
where f(ǫ) and F (ǫ) are the standard Fermi-Dirac distributions for particles and
holes. Using the conformal mapping from a plane to a cylinder, or employing an
imaginary time approach, one finds the following exact expression for the case
ν = 1
3
H(ǫ) =
ǫ2 + π
2
β2
e−βǫ + 1
, h(ǫ) =
ǫ2 + π
2
β2
1 + eβǫ
. (5.4)
They lead to I-V characteristics
I(V, T ) ∝ e t2 β−3
(
βeV
2π
+
(
βeV
2π
)3)
, (5.5)
in agreement with the result obtained in different approaches [25, 26]. The I-V
characteristics (5.5) show cross-over from a linear (thermal) regime into a power-
law behavior at high voltages and thus presents a clear fingerprint of the Luttinger
liquid features of the fqH edge. The experimental results of [27] are in agreement
with these predictions. (See [26] for a further theoretical analysis of the data.)
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5.3 Form factor expansion
As a proto-type study for a form factor expansion based on CFT quasi-particles,
we now analyze the Green’s function h(ǫ), for p = 2 in that spirit. Obviously, an
exact result is easily obtained
h(ǫ) =
ǫ
eβǫ − 1 . (5.6)
The Bose-Einstein denominator in this expression has its origin in the fact that
the operators J , J† satisfy bosonic commutation relations. In the spirit of the
quasi-particle formulation of this paper, we wish to treat the J , J†-quanta as
quasi-particles with exclusion statistics g = 2, and see if we can recover the
Green’s function h(ǫ) in such an approach.
The Green’s function h(ǫ) can be viewed as a one-point function for the op-
erator Nψ(ǫ) = ψ
†
ν= 1
p
ψν= 1
p
(ǫ). In the formulation on the finite system of size L,
this operator is represented as NJ(m) = aJ−mJ†m, with ǫ = am, with a =
2π
Lρ0
the
energy level spacing in the finite size system. This one-point function is formally
expressed as ∑
Ψ∈H〈Ψ|NJ(m)|Ψ〉∑
Ψ∈H〈Ψ|Ψ〉
. (5.7)
The sum runs over a basis the full Hilbert space of the edge CFT, and we
can opt for the fqH quasi-particle basis discussed in this paper. The idea is now
that the matrix elements 〈Ψ|NJ(m)|Ψ〉 are dominated by processes where only
a few of the quasi-particles that are present in a concrete basis state |{mi;nj}〉
participate (we restrict our attention to states in the Q = 0 sector of the fqH
basis).
For the case at hand, the lowest contributions comes from 1-particle states
|{m1}〉, for which one computes the form factor
D(1,0)(m;m1) = N〈{m1}|J−1−mJ†+1+m|{m1}〉N =
(m+ 1)δm,m1 + 2
(
1− m+ 1
m1 + 1
)
Θ(m < m1) . (5.8)
The expected presence of an edge electron of energym1 is given by the distribution
function n¯2(ǫ1 = am1). This leads to the following contribution to the Green’s
function
h(1,0)(ǫ) = a
∑
m1
D(1,0)(m,m1)n¯2(am1) . (5.9)
If we now consider the form factor of NJ(m) against a two-electron state, we find
(see next subsection) that it is not simply the sum of two 1-particle contributions.
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The left-over part is what we call the irreducible 2-electron form factor
D(2,0)(m;m1, m2) = N〈{m1, m2}|J−3−mJ†+3+m|{m2, m1}〉N
−N 〈{m1}|J−3−mJ†+3+m|{m1}〉N − N〈{m2}|J−3−mJ†+3+m|{m2}〉N .(5.10)
It leads to an additional contribution h(2,0)(m) to the Green’s function
h(2,0)(ǫ) = a
∑
m1,m2
D(2,0)(m;m1, m2)n¯2(am1)n¯2(am2) . (5.11)
Similarly, we define
D(1,1)(m;m1, n1) =
N〈{n1, m1}|J−1−mJ†+1+m|{m1, n1}〉N − N 〈{m1}|J−1−mJ†+1+m|{m1}〉N
(5.12)
and
h(1,1)(ǫ) = a
∑
m1,n1
D(1,1)(m;m1, n1)n¯2(am1)n¯ 1
2
(an1) . (5.13)
Continuing in this manner, we build up the following expansion
h =
∑
M,N
h(M,N)(ǫ) ,
h(M,N)(ǫ) = a
∑
{mi;nj}
D(M,N)(m; {mi;nj})
∏
i
n¯2(ami)
∏
j
n¯ 1
2
(anj) .
(5.14)
We remark that an expansion of precisely this type has been proposed by
LeClair and Mussardo [11], see also [12]. This work was done in the context of
integrable qft’s, that are fully characterized by a factorized S-matrix. In such a
context, the irreducible form factors are constrained by the form factor axioms,
and the distribution functions have their origin in a TBA procedure. Although
clearly in the same spirit, the analysis that we present here is very different at
the technical level. We obtain the relevant form factor by explicit computation
in a theory that is regularized by the finite size of the fqH edge, and we have
identified the relevant distribution functions by analyzing the state counting of
the (discrete) spectrum of the finite-size system. We thus do not rely on an
underlying (massless) S-matrix point of view. Despite these differences, it seems
clear that the two approaches are closely related: in subsection 4.5 we briefly
indicated that our form factor have symmetry properties that are expected on
the basis of a ‘purely statistical S-matrix’. We leave this interesting issue for
further study.
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5.4 Irreducible form factors
To evaluate explicitly the leading terms in the form factor expansion (5.14) for
h(ǫ), we need to evaluate the relevant irreducible form factors. While it is clear
that these form factors have very special mathematical properties, we here com-
pute them by a simple brute force computation, relying on the explicit form of
the two-particle states (3.8) and (3.9), and on the algebraic properties of the
operators J , J† and φ (see appendix A).
5.4.1 Two electrons
For the irreducible two electron form factor we find
D(2,0)(m;m2, m1) =
δm−m2
−2(m2 + 3)
m2 −m1 + 3 + δm−m1+2
−2(m1 + 1)
m2 −m1 + 1
+
4
(m2 −m1 + 3)
1
(m2 −m1 + 1)
1
(m1 + 1)(m2 + 3)
×[Θ(m < m1 − 2)P (m;m1, m2)
+Θ(m < m2 < m+m1)Q(m;m1, m2)
+Θ(m < m2)R(m;m1, m2)] , (5.15)
with
P (m;m1, m2) =
(m2 −m1 + 3)(m1 −m− 2)(2m1 −m2 − 3)
+(m1 −m− 2)(m1 −m− 3)(−3m2 + 5
3
m1 +
1
3
m− 26
3
)
+(m+ 3)[−2(m2 −m1 + 3)(2m1 −m− 1)
−2m1(m1 + 1) + (m+ 3)(m2 +m1 −m+ 1)]
Q(m;m1, m2) =
(m1 −m2 +m+ 1)[(m2 −m1 + 3)2 + 2(m2 −m1 + 3)(m1 −m2 +m)
+
2
3
(m1 −m2 +m)(m1 −m2 +m− 1)]
R(m;m1, m2) =
(m2 −m)(m1 + 1)(m2 −m1 + 3) + 1
3
m1(m1 + 1)(m1 + 3m2 − 3m+ 2) .
(5.16)
27
The polynomials P , Q and R enjoy special properties, which include
(P +Q+R)(m;m1, m2) = −1
3
(m1−m2−1)(m1−m2−2)(m1−m2−3) . (5.17)
5.4.2 One electron and one quasi-hole
The irreducible form factor with one electron and one hole is found to be
D(1,1)(m;m1, n1) =
δm1,m
m1 + 1
m1 + 2n1 + 1
+Θ(m < m1)
1
C
(− 1
2
)
n1 (m1 + 2n1 + 2)(m1 + 2n1 + 1)(m1 + 1)
×
[
C
(− 1
2
)
n1−m1+m S(m;m1, n1) + C
(− 1
2
)
n1 T (m;m1, n1)
]
, (5.18)
with
S(m;m1, n1) =
(m1 + 2n1 + 1)
2 + (m+ n1 −m1)(8
3
− 4(m1 + 2n1 + 2)) + 4
3
(m+ n1 −m1)2
T (m;m1, n1) =
2(m1 −m)((m1 + 2n1 + 1)2 − 1) + 2(2n1 + 1)(m1 −m− 1)
+2(
2
3
n1 + 1)(2n1 + 1) . (5.19)
5.5 Evaluating the series
With the information collected in the previous subsections, we can evaluate the 1-
particle and 2-particle contributions h(1,0), h(2,0) and h(1,1) to the Green’s function
h(ǫ).
The expressions (5.9), (5.11) and (5.13) for h(2,0) and h(1,1) are discrete sums,
which we wish to study in the limit a→ 0. In this limit, one may view the expres-
sions as Riemann sums and evaluate them using continuous integrals; however,
one needs to be careful because the integrands as they stand are have singular-
ities, and the sums are not term-by-term convergent. One may check however
that by carefully redistributing some of the terms, one obtains convergent sums
that can be approximated by the corresponding continuous integrals. Proceeding
in this manner, and using a numerical integrator, we obtained the results plotted
in figure 5.1.
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We observe that the form factor series converge in the following sense: while
the 1-particle terms agree with the exact result for ǫ greater than about 3kBT ,
the approximation including 2-particle terms reaches the exact curve at ǫ around
2kBT . For energies ǫ ≪ kBT , the thermal factors do not efficiently suppress
many particle contributions, and the convergence of the form factor expansion is
expected to be slow.
We remark that the asymptotic behavior for ǫ≫ kBT of the 2-particle terms
is
h(2,0)(ǫ) ∼ c2e−βǫ , h(1,1)(ǫ) ∼ c 1
2
e−βǫ (5.20)
with
c2 = −2
∫ ∞
0
dǫ1n¯2(ǫ1) , c 1
2
=
∫ ∞
0
dǫ˜1n¯ 1
2
(ǫ˜1) . (5.21)
Remarkably, the duality relation (2.8) leads to the relation
c2 = −c 1
2
(5.22)
meaning that the Boltzmann tails of the 2-particle terms precisely cancel. This
‘conspiracy’ was needed as, numerically, it is seen that the deviation between the
exact curve h(ǫ) and the 1-particle term h(1,0)(ǫ) is far smaller than the individual
Boltzmann tails of h(2,0) and h(1,1).
6 Conclusions
Summarizing the results collected in this paper, we have made some first steps on
the way to realizing a computational scheme where the T -dependence of phys-
ical observables in a fqH system (charge transport properties in particular) is
computed with direct reference to fractional statistics of the fundamental quasi-
particles. We expect that on the basis of the formalism presented here, meaning-
ful claims about the observability of the fractional statistics of CFT edge quasi-
particles can be formulated. We leave this most interesting aspect for further
study.
We remark the the continuum (CFT) limit of the CS model provides an
ideal testing ground for form factor expansions for finite temperature correlation
functions, such as discussed in section 5.3 and in the literature [11, 12]. This is
because on the one hand the theory is explicitly regularized by the finite extent of
the spatial direction and, on the other, the finite temperature Green’s functions
are known from standard CFT considerations.
We thank A.W.W. Ludwig for many insightful comments and collaboration
in the early stages of this project, and F.H.L. Essler and F.A. Smirnov for dis-
cussions. This research has benefited from the NATO Collaborative Research
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Grant SA.5-2-05(CRG.951303) and from support from the foundation FOM of
the Netherlands. We thank the Erwin Schro¨dinger Institute (Vienna) and the
Centre de Recherches Mathe´matiques (Montreal) for hospitality during the course
of this work.
A Algebraic properties of ν = 1
2
edge operators
The charged edge operators J = J−, J† = J+ in the edge theory at ν = 1
2
are part of a SU(2)1 affine symmetry algebra. Together with the charge density
Q = i
√
p∂ϕ they satisfy the commutation relations
[J+m2 , J
−
m1 ] = m1δm2+m1 +Qm2+m1
[Qm2 , J
±
m1
] = ±2J±m2+m1 , [Qm2 , Qm1 ] = 2m1δm2+m1 . (A.1)
The fractionally charged edge quasi-particles φ± transform in the spin-1
2
repre-
sentation of the SU(2) symmetry
[J±m, φ
±
s ] = 0 , [J
±
m, φ
∓
s ] = ±φ±m+s , [Qm, φ±s ] = ±φ±m+s . (A.2)
Among themselves, the modes of φ± satisfy so-called generalized commutation
relations, which have been studied in the context of the spinon formulation of the
SU(2)1 CFT [28, 29].
B Jack polynomials and Jack operators
In this appendix we briefly introduce the Jack polynomials that are used in
sections 3 and 4 of this paper. We essentially follow the conventions of Iso [9], but
we introduce different notations for the coordinate dependent Jack polynomials
P β{µ} ({zi}) and the bosonic mode Jack operators Jβ{µ}
({
a−n√
β
})
.
We start by specifying an inner product on the ring of symmetric polynomials,
〈p{λ}|p{µ}〉β = δ{λ},{µ}β−l({λ})zλ (B.1)
where p{λ}(zi) =
∏l({λ})
j=1 pλj ({xi}) with pλj ({xi}) =
∑
i x
λj
i is the power sum set
by a Young tableau {λ} = (λ1, λ2, . . . , λl), z{λ} is
∏
i≥1 i
lili! with lj the number
of entries in {λ} which satisfy λi = j and β a rational number.
The coordinate Jack polynomials P β{λ} ({zi}) are symmetric functions in the
coordinates {zi} labeled by a Young tableau {λ} and a rational number β. They
are defined by the following properties
orthogonality:
〈P β{λ} ({zi}) |P β{ν} ({zi})〉β = δ{λ},{ν}jβ{ν}
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triangularity:
P β{λ} ({zi}) =
∑
{µ} vλ,µ(β)m{µ} where vλ,µ(β) = 0 unless {µ} ≤ {λ}
normalization:
the coefficient vλ,λ = 1 .
In this definition, m{λ}({zi}) are the monomial symmetric functions
∑
σ
∏
i z
λσ(i)
i
where
∑
σ denotes the sum over all permutations of the indices i. The partial
ordering ≤ on partitions is the so-called dominance ordering on partitions of equal
weight (|λ| = |µ|): {λ} ≤ {µ} ⇔ ∑i = 1jλi ≤ ∑ji=1 µj for all j. The function
jβ{ν} in the inner product can be shown to be given by [23]
jβ{ν} =
∏
(i,j)∈{ν}
β(ν ′j − i) + νi − j + 1
β(ν ′j − i+ 1) + νi − j
. (B.2)
In a notation where Jack polynomials are written as functions of power sums
pn, they satisfy a duality between β = p and β =
1
p
P p{λ′}
({
pn
p
})
= (−1)|λ|jp{λ}P
1
p
{λ} (−{pn}) , (B.3)
where {λ′} is the Young tableau dual to {λ}. It follows that
jp{ν} j
1
p
{ν′} = 1 . (B.4)
The following elementary property of the Jack polynomials
∏
i,j
(1− xiyj) =
∑
{λ}
(−1)|λ|P β{λ} ({xi})P
1
β
{λ′} ({yj}) (B.5)
can be used to rewrite expressions involving vertex-operators.
For integer β an alternative inner product [23] on the Jack polynomials P β{µ}
depending on only a finite set of coordinates {zi} = {z1, ..., zn} is given by
〈〈P β{ν} ({zi}) |P β{µ} ({zi})〉〉 =(
n∏
i=1
∮
dzi
2πi
1
zi
)
∆β({z−1i })∆β({zi})P β{ν}
({z−1i })P β{µ} ({zi}) , (B.6)
where ∆β({xi}) =
∏
i<j(xi − xj)β denotes a generalized Vandermonde determi-
nant. Although it is also possible to define this inner product for fractional β [23],
we will use it in this form for integer β. The Jack polynomials are orthogonal
w.r.t. this alternative inner product.
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For the product of N quasi-hole vertex operators φ(zi), the following expres-
sion can be derived
φ(z1)...φ(zN )|q〉 =
∆
1
p ({zi})
∑
{λ}
(−1)|λ| P
1
p
{λ′} ({zj}) Jp{λ}
({
a−n√
p
}) N∏
j=1
z
q
p
j |q +N〉, (B.7)
where we wrote Jp{λ}
({
a−n√
p
})
for a Jack polynomials in which power sums pn are
replaced by bosonic modes, writing an = (∂ϕ)n. [We refer to such expressions as
Jack operators.] Similarly,
J(z1)...J(zN)|q〉 =
∆p({zi})
∑
{λ}
(−1)|λ|P p{λ′} ({zj}) J
1
p
{λ} ({
√
pa−n})
N∏
j=1
z−qj |q −Np〉. (B.8)
For brevity, we sometimes drop the explicit reference to the bosonic modes and
write
J
1
p
{λ} ≡ J
1
p
{λ} ({
√
pa−n}) , Jp{λ} ≡ Jp{λ}
(
{ 1√
p
a−n}
)
. (B.9)
C Proof of selection rules
We present a proof of the form factor selection rules of section 4.3.
(a.) This is a consequence of energy conservation and can be found from the
product of three delta functions,
δ|n|+m,λ1δλ1+|ρ|,|µ|δ|n|+|ρ|,|ν| (C.1)
present implicitly in eq. (4.29).
(b.) Proposition 2.4 in [22] states that it is possible to rewrite any Jack
polynomial as a linear combination of products of Jack polynomials labeled with
horizontal strips J p{λ} =
∏
i P
p
(λi)
,
P p{λ} =
∑
{σ}≥{λ}
q˜{λ}{σ}J p{σ}. (C.2)
An important difference between this expansion and the expansion of a Jack
polynomial in monomial symmetric functions is that the sum runs over tableaus
{σ} satisfying {σ} ≥ {λ} instead of {σ} ≤ {λ}. From repeated application of
proposition 5.3 in [22] (see also section 4.3) to a product of two Jack polynomials,
where one is expanded using the expansion above, it follows that the tableau
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labeling the non-expanded Jack polynomial is contained in every tableau labeling
a Jack polynomial appearing in the product. Exchanging the roles we see that
also the tableau labeling the other Jack polynomial is contained in these tableaus.
Combining this knowledge with the fact that by triangularity the monomial
symmetric functions m{n} can be expanded in Jack polynomials,
m{n} =
∑
{τ}≤{n}
v˜{n}{τ}P
p
{τ}, (C.3)
and applying this to the coordinate inner product in eq. (4.29) we find that {ρ}
is contained in {ν}. The operator inner product shows that {µ} differs at most
a horizontal strip from {ρ} and thus {ρ} contains {µ˜} = (µ2, . . . , µM). We can
conclude that {ν} contains {µ˜} and we have obtained (b.1.).
We can extract extra information from examining this construction once more,
under the addition of a horizontal strip the length of a column can grow with one
box. If we now multiply the Jack polynomials P p{tau} appearing in the expansion of
the monomial symmetric function m{n} with the J p{σ} appearing in the expansion
of the Jack polynomial P p{ρ} we find that the maximal difference in column length
between {ν} and {τ} is l({ρ}) from which we can conclude that the only columns
in {ν} which have a length exceeding l({µ}) ≥ l({ρ}) are those columns for
which the corresponding tableau labeling the monomial symmetric function has
a column of non-zero length. Because only monomial symmetric functions with
at most p non-zero columns appear we obtain (b.2.).
(c.) This is a simple consequence of (a.) and (b.1.)
(d.) By definition the Jack polynomials can be expanded in monomial sym-
metric functions, so we have
P p{ρ} =
∑
{σ}≤{ρ}
v{ρ}{σ}m{σ}. (C.4)
If we now use this expansion P p{ρ} and then multiply the resulting m{σ} in the
expansion bym{n}, then the products in the expansion will be linear combinations
of m{σ′} satisfying {σ′} ≤ {σ}+ {n},
m{n}P
p
{ρ} =
∑
{σ}≤{ρ}
v{ρ}{σ}m{n}m{σ}
=
∑
{σ′}≤{ρ}+{n}
u{n}{ρ}{σ′}m{σ′}. (C.5)
Expanding the m{σ′} as we did in the proof of (b.) the sum over products
of monomial symmetric functions can be rewritten in terms of Jack polynomials
again,
m{n}P
p
{ρ} =
∑
{σ}≤{ρ}+{n}
w{n}{ρ}{σ}P
p
{σ} , (C.6)
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and we find that {ν} is smaller in the sense of dominance order than a tableau
{σ} of the form {ρ} + {n}. Since ni ≤ p and ρi ≤ µi, the result (d.) follows.
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Figure 5.1: One-particle Green’s function h(ǫ) for p = 2 as a function of
energy. The solid curve is the exact result; the data points are the numerical
results for: h(1,0) (diamonds), h(2,0) (circles) and h(1,1) (plusses). The sum
of all contributions with up to two particles is represented by squares.
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